
J Glob Optim (2010) 48:159–172
DOI 10.1007/s10898-009-9514-z

On computational search for optimistic solutions
in bilevel problems

Alexander S. Strekalovsky · Andrey V. Orlov ·
Anton V. Malyshev

Received: 13 December 2009 / Accepted: 16 December 2009 / Published online: 3 January 2010
© Springer Science+Business Media, LLC. 2009

Abstract The linear-linear and quadratic-linear bilevel programming problems are
considered. Their optimistic statement is reduced to a nonconvex mathematical program-
ming problem with the bilinear structure. Approximate algorithms of local and global search
in the obtained problems are proposed. The results of computational solving randomly gen-
erated test problems are given and analyzed.

Keywords Bilevel programming · Optimistic solution · Nonconvex optimization
problems · Local search · Global search · Computational simulation

1 Introduction

During the recent decades, problems with hierarchical structure seem to be the most attractive
field for many experts [1–3]. In particular, problems of bilevel programming represent
extreme problems, which—side by side with ordinary constraints such as equalities and
inequalities—include a constraint described as an optimization subproblem [2,3]. Problems
of this kind are rather complex from the viewpoint of investigation since there appears the
need to take simultaneous account of the goals of different levels of hierarchy.
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In course of investigation of bilevel programming problems the difficulty arises already
at the stage of defining the concept of solution. The optimistic and pessimistic (guaranteed)
concepts of solution are known to be the most popular [1–3].

Note, bilevel programming densely contacts with such domains of MPCC (mathematical
programming with complementarity constraints) and MPEC (mathematical programming
with eqiulibrium constraints) [4].

During the three decades of intensive investigation of bilevel programming problems there
were many methods of finding the optimistic solutions proposed by different authors (see the
surveys [5,6]). Nevertheless, as far as we can conclude on the basis of available literature,
there are few published results containing numerical solutions of even test bilevel high-
dimension problems (e.g. problems with the dimension up to 200). Most frequently authors
restrict their consideration with illustrative examples with the dimension up to 10 (see [7,8])
and only in [9–11] one can find some results of solving nonlinear bilevel problems with the
dimension up to 30. So, development of new numerical methods even for the simplest classes
of nonlinear bilevel problems, while implying verification of their efficiency by numerical
testing, is one of the most essential problems of operations research.

This paper is devoted to elaboration of new techniques of finding optimistic solutions of
bilevel problems, where the upper level goal function is either linear or convex quadratic,
and the lower level goal function is linear. Such a bilevel problem may be reduced to one
or several single-level problems via, for instance, the KKT-rule (see, for example, [2]). Fur-
thermore, it turns out that the reduced problems turn out to be nonconvex, and, therefore,
such problems may have a large number of local solutions, which are far—even from the
viewpoint of the goal function’s value—from a global one. Therefore, in bilevel problems the
nonconvexity is not immediately visible, implicit and hidden. Direct application of standard
convex optimization methods [12,13] turns out to be inefficient from the view point of global
search. So, there appears the need to construct new global search methods [14–16], allowing
to escape from a stationary point.

For the purpose of solving the problems formulated above, we intend to construct the algo-
rithms based on the Global Search Theory developed in [16–24], and oriented to obtaining
the global solution.

The structure of this paper is as follows. Section 2 describe the statement of the bilevel
problem, and its reduction to nonconvex problems of nonlinear programming is discussed.
Next, in the Sects. 3 and 4, we propose methods of local and global search for these problems,
respectively. Results of numerical solving test bilevel problems are described in Sect. 5.

2 Problem statement and its reduction

Consider the following bilevel programming problem in its optimistic statement:

F(x, y) �
1

2
〈x, Cx〉 + 〈c, x〉 + 1

2
〈y, C1 y〉 + 〈c1, y〉 ↓ min

x,y
,

(x, y) ∈ X � {(x, y) ∈ IRm × IRn | Ax + By ≤ a, x ≥ 0},
y ∈ Y∗(x) � Argmin

y
{〈d, y〉 | y ∈ Y (x)},

Y (x) � {y ∈ IRn | A1x + B1 y ≤ b, y ≥ 0},

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

(BP)

where A ∈ IR p×m, B ∈ IR p×n, A1 ∈ IRq×m, B1 ∈ IRq×n, C ∈ IRm×m, C = CT > 0, C1 ∈
IRn×n, C1 = CT

1 > 0, c ∈ IRm, c1, d ∈ IRn, a ∈ IR p, b ∈ IRq . When C ≡ 0 and C1 ≡ 0
the problem represents one of simple cases, i.e. a linear-linear bilevel problem.
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Suppose, function F(x, y) is lower bounded on set X , and function 〈d, y〉 is lower bounded
on set Y (x) for any x ∈ Pr(X) � {x ∈ IRm | ∃y : (x, y) ∈ X} so that inf

x
inf

y
{〈d, y〉 | y ∈

Y (x), x ∈ Pr(X)} > −∞.
In order to execute the reduction of problem (BP) to a single-level problem we use a con-

ventional technique of replacement of the lower-level problem in (BP) with the equivalent
Karush-Kuhn-Tucker (KKT) conditions [2,3]. As a result, we obtain the following problem:

F(x, y) ↓ min
x,y,v

,

(x, y, v) ∈ D � {(x, y, v) | Ax + By ≤ a, A1x + B1 y ≤ b,

d + vB1 ≥ 0, (x, y, v) ≥ 0},
h(x, y, v) � 〈d, y〉 − 〈A1x − b, v〉 = 0,

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(P)

where v ∈ IRq are Lagrange multipliers. Note, that the dimension of the problem (P) is now
m + n + q , instead of m + n in (BP)

Theorem 1 [2,3] The pair (x∗, y∗) is a global optimistic solution to the bilevel problem
(BP) if and only if there exists a vector v∗ ∈ IRq , v∗ ≥ 0 such that the triplet (3-tuple)
(x∗, y∗, v∗) is a global solution of problem (P).

Note, at the expense of presence of the bilinear equality constraint, the feasible set of
problem (P) turns out to be nonconvex. Therefore, the search for an optimistic solutions to
the initial bilevel programming problem turns out to be equivalent to solving the nonconvex
optimization problem.

It can be readily demonstrated with the use of the duality theory [13] that

h(x, y, v) � 〈d, y〉 − 〈A1x − b, v〉 ≥ 0 ∀(x, y, v) ∈ D. (1)

The naturally structure of nonconvexity presented in problem (P) and generated by the
bilinear equality constraint naturally imply the following two approaches.

Firstly, problem (P) may be considered directly, as a problem with d.c. inequality con-
straint [16,18,20,22] (i.e. with a constraint represented as a difference of two convex func-
tions). Indeed, on account of inequality (1), the bilinear equality constraint may, for example,
be replaced with the inequality

〈d, y〉 − 〈A1x − b, v〉 ≤ 0, (2)

which holds for the vectors (x, y, v) ∈ D (see (P)) only when 〈d, y〉 = 〈A1x −b, v〉. There-
fore, in order to find a solution for the bilevel problem (BP), we have to solve the following
problem:

F(x, y) ↓ min
x,y,v

, ∈ D, h(x, y, v) ≤ 0. (DCC)

As far as this class of problems is concerned, we have developed a Global Search Strat-
egy, which is based on Global Optimality Conditions and can be found in [18,20], as well as
special Local Search methods proposed in [22], which have already proved their efficiency.

Secondly, problem (P) may be reduced to a family of problems with a convex feasible set
and the nonconvex d.c. goal function:

Φ(x, y, v) � F(x, y) + μh(x, y, v) ↓ min
x,y,v

, (x, y, v) ∈ D, (DC(μ))

where μ > 0 is a penalty parameter. It can be shown on account the above mentioned assump-
tions on problem (BP) and inequality (1) that the goal function of problem (DC(μ)) is lower
bounded on the set D.
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Let (x(μ), y(μ), v(μ)) be a solution of problem (DC(μ)) corresponding to some fixed
parameter μ > 0. Introduce the denotation h[μ] � h(x(μ), y(μ), v(μ)). The following
assertion sets the relationships between problem (DC(μ)) and problem (P).

Proposition 1 [13].

i) Let for some μ = μ̂ the equality h(x(μ̂), y(μ̂), v(μ̂)) = 0 be satisfied for the solution
(x(μ̂), y(μ̂), v(μ̂)) of problem (DC(μ)). Hence the triplet (x(μ̂), y(μ̂), v(μ̂)) turns out
to be a solution of problem (P).

ii) For any value of parameter μ > μ̂ the function h[μ] turns zero, i.e. h(x(μ), y(μ),

v(μ)) = 0, and (x(μ), y(μ), v(μ)) turns out to be a solution of problem (P).

It can readily be proved that h[μ] → 0 when μ → +∞. The following proposition makes
it clear what we obtain if for some μ we have 0 < h[μ] < τ .

Proposition 2 Let (x(μ), y(μ), v(μ)) ∈ D be a τ1-solution of problem (DC(μ)) and
h(x(μ), y(μ), v(μ)) ≤ τ2. Hence

i) y(μ) is a τ2-solution of the lower-level problem in (BP) with x = x(μ);
ii) (x(μ), y(μ)) is an approximate τ1-solution of problem (BP).

Proof i) The following obvious equalities hold for any point y ∈ Y (x(μ)) � {y ≥ 0 |
A1x(μ) + B1 y ≤ b}:

〈d, y(μ) − y〉 = 〈d, y(μ)〉 − 〈d, y〉 ± 〈A1x(μ) − b, v(μ)〉〉
= h(x(μ), y(μ), v(μ)) − 〈d, y〉 + 〈A1x(μ) − b, v(μ)〉
= h(x(μ), y(μ), v(μ)) − h(x(μ), y, v(μ)). (3)

Having used definitions of D and Y (x(μ)), it can easily be shown that

h(x(μ), y, v(μ)) ≥ 0 ∀y ∈ Y (x(μ)). (4)

Now let us continue the chain of equalities (3), while taking into account the inequalities
h(x(μ), y(μ), v(μ)) ≤ τ2 and (4):

h(x(μ), y(μ), v(μ)) − h(x(μ), y, v(μ)) ≤ τ2. (3′)

When looking at the beginning and at the end of the chain (3)–(3′), we can conclude that:

〈d, y(μ)〉 ≤ 〈d, y〉 + τ2 ∀y ∈ Y (x(μ)).

So, y(μ) is a τ2-solution of the lower-level problem in (BP) with x = x(μ).
ii) Let us to prove the second statement. Having taken (1) into account, we obtain:

F(x(μ), y(μ)) ≤ F(x(μ), y(μ)) + μh(x(μ), y(μ), v(μ)) ≤
≤ F(x, y) + μh(x, y, v) + τ1 ∀(x, y, v) ∈ D.

In particular,

F(x(μ), y(μ)) ≤ F(x, y) + τ1 ∀(x, y, v) ∈ D : h(x, y, v) = 0. (5)

Note that the equality h(x, y, v) = 0 for (x, y, v) ∈ D implies that the point y from the
triple (x, y, v) is the KKT-point for the convex lower-problem in (BP(x)), and hence y is
its solution. Therefore, (5) is equivalent to

F(x(μ), y(μ)) ≤ F(x, y) + τ1 ∀(x, y) ∈ X : y ∈ Y∗(x).
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Therefore, the pair (x(μ), y(μ)) is an approximate τ1-solution of problem (BP) in the sense
that point y(μ) is a τ2-solution of the lower-level problem in (BP). ��

We propose to apply the Global Search Strategies for d.c. programming problems devel-
oped in [16,19] in the capacity of the method for solving the nonconvex problem (DC(μ))
with a fixed μ > 0.

Local search methods described in the next section turn out to be one of the key elements
of the Global Search Strategies in the problems (DCC) and (DC(μ)).

3 Local search

3.1 The local search method for the problem with a nonconvex (d.c.) equality constraint

For the purpose of local search in problem (DCC) we intend to apply a Special Local Search
Method (SLSM) proposed in [22] for such kind of problems. To this end we, first of all, need
to obtain an explicit d.c. decomposition of the bilinear function, which assigns the noncon-
vex constraint. The bilinear constraint in problem (DCC) may be represented in the form of
difference between two convex functions, for example, as follows:

h(x, y, v) = g(x, y, v) − f (x, v), (6)

where g(x, y, v) = 1

4
‖A1x − v‖2 + 〈d, y〉 + 〈b, v〉, f (x, v) = 1

4
‖A1x + v‖2.

The Special Local Search Method from [22] consists of the two procedures. The first one
begins from some point (x, y, v) ∈ D, h(x, y, v) ≤ 0 and constructs a point (x̄, ȳ, v̄) ∈ D
with the properties h(x̄, ȳ, v̄) = 0, F(x̄, ȳ) ≤ F(x, y) (see [22]). So, the obtained point
appears to be feasible in problem (P). The second procedure consists in the consecutive
(approximate) solving the linearized problems of the form

(PLs(ρs)) : g(x, y, v) − 〈∇ f (xs, vs), (x, v)〉 ↓ min
x,y,v

,

(x, y, v) ∈ D, F(x, y) ≤ ρs � F(xs, ys), (7)

which are obviously convex. After finishing the second procedure one obtains a point
(x̂, ŷ, v̂) ∈ D, h(x̂, ŷ, v̂) ≤ 0, which represents a solution of the linearized (at the point
(x̂, ŷ, v̂)!) problem. Such a point will be called critical (approximately critical) one for prob-
lem (DCC). Next, we turn back to procedure 1 again.

Owing to the specific features of the problem (DCC) execution of the second procedure
turns out to be excessive, this fact being confirmed by the following result.

Proposition 3 Any point (x̂, ŷ, v̂), which is feasible in problem (P), is a solution of the lin-
earized problem (PLs(ρs))-(7), where (xs, vs) := (x̂, v̂), ρs = F(x̂, ŷ), i.e. this point turns
out to be critical for the problem (DCC) .

In other words, SLSM for the problems with a d.c. constraint (for (DCC)) degenerates
itself into a procedure of finding a feasible point for the problem (P).

3.2 Local search for Problem (DC(μ))

To the end of a local search for Problem (DC(μ)) let us apply the idea of consecutive
solving partial problems with respect to uncoupled groups of variables (see [17,21,24]). In
order to do it, we separate the pair (x, y) and the variable v, so that D � Z × V , where
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Z = {(x, y)|Ax + By ≤ a1 A1x + B1 y ≤ B, x ≥ 0, y ≥ 0}, V � {v | d+vB1≥0, v ≥ 0}.
For a fixed value of variable v problem (DC(μ)) becomes a convex quadratic optimization
problem (or—a linear programming problem if C ≡ 0 and C1 ≡ 0), and for a fixed pair
(x, y) we obtain a problem of linear programming (LP) with respect to v ∈ IRq . These
auxiliary problems can be solved with the help of standard software packages. So, we obtain
the following special local search method.

Let v0 ∈ IRq be a starting point.

Step 0 Put s := 0, vs := v0.

Step 1 Apply the technique of quadratic programming and obtain the
δs

2
-solution

(xs+1, ys+1) of the problem:

1

2
〈x, Cx〉 + 〈c, x〉 + 1

2
〈y, C1 y〉 + 〈c1, y〉 + μ(〈d, y〉 − 〈A1x, vs〉) ↓ min

(x,y)
,

(x, y) ∈ Z ,

⎫
⎬

⎭

(QP(vs))

Step 2 Obtain the
δs

2
-solution vs+1 of the linear program

〈b − A1xs+1, v〉 ↓ min
v

, v ∈ V, (LP(xs+1))

Step 3 Put s := s + 1, and go to Step 1.

In order to prove the following theorem of convergence of this method, which is called
V -procedure, we henceforth apply

Lemma 1 [12] Let the numerical sequence {as} be such that

as+1 ≤ as + δs, δs ≥ 0, k = 0, 1, 2, . . . ,

∞∑

s=0

δs < +∞ (8)

and bounded from below. Hence there exists a finite limit lim
k→+∞ ak.

Proof After summation of the first inequalities from (8) we obtain

ar ≤ as +
r−1∑

i=s

δi ≤ as +
+∞∑

i=s

δi ∀r > s ≥ 0. (9)

Let lim inf
s→+∞ as = lim

t→+∞ ast (st < st+1, t = 0, 1, 2, . . .). Having taken s = st in (9), we

obtain ar ≤ ast +
+∞∑
i=st

δi (r > st ). Therefore, lim sup
r→+∞

ar ≤ ast +
+∞∑
i=st

δi . Passing to the limit

for t → +∞, we have lim sup
r→+∞

ar ≤ lim
t→+∞ ast � lim inf

r→+∞ ar . So, the sequence {as} converges,

and finiteness of the limit follows from the fact of its boundedness. ��

Theorem 2 i) If δs > 0, s = 0, 1, 2 . . . ,
∞∑

s=0
δs < +∞, then the sequence {Φs} of values

of function Φs � Φ(xs, ys, vs), which is generated by the V-procedure, converges.
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ii) If (xs, ys, vs) → (x̂, ŷ, v̂), then the limit point (x̂, ŷ, v̂) satisfies the following inequal-
ities:

Φ (x̂, ŷ, v̂) ≤ Φ(x, y, v̂) ∀(x, y) ∈ Z , (10)

Φ (x̂, ŷ, v̂) ≤ Φ(x̂, ŷ, v) ∀v ∈ V . (11)

Proof i) Denote: Φs � Φ(xs+1, ys+1, vs). In accordance with the construction of the
method, the following relations (s ≥ 1):

Φs ≥ inf
(x,y)

{Φ(x, y, vs) | (x, y) ∈ Z} ≥ Φs − δs

2
≥

≥ inf
v

{Φ(xs+1, ys+1, v) | v ∈ V } − δs

2
≥ Φs+1 − δs (12)

are valid. Hence we have

Φs+1 ≤ Φs + δs, (13)

so that the sequence {Φs}, s = 0, 1, 2 . . . is almost monotonous nonincreasing and
upper bounded. In addition, this sequence is upper bounded because function Φ(·) is
bounded from below over D � Z ×V , and (xs, ys, vs) ∈ D, s = 1, 2, 3 . . . on account
of the construction.
Hence, taking into account the condition imposed on δs and using Lemma 1, we con-
clude that sequence {Φs} converges.

ii) According to step 1 of the V -procedure the following inequality is valid:

Φ
(
xs+1, ys+1, vs) − δs

2
≤ Φ(x, y, vs) ∀(x, y) ∈ Z .

When passing to the limit for s → +∞ (δs ↓ 0) at a fixed point (x, y) in this inequal-
ity, and on account of a continuity of function Φ(x, y, v) we obtain inequality (10).
Similarly, according to step 2 of the V -procedure, the following inequality holds:

Φ
(
xs+1, ys+1, vs+1) − δs

2
≤ Φ

(
xs+1, ys+1, v

) ∀v ∈ V .

When passing to the limit likewise above, we obtain inequality (11). ��
Definition 1 The triple (x̂, ŷ, v̂) satisfying inequalities (10) and (11) shall henceforth be
called a critical point of problem (DC(μ)). If the inequalities (10) and (11) are satisfied with
certain accuracy for some point, we call this point approximately critical.

It can be easily seen that a critical point turns out to be a (partially) global solution of
Problem (DC(μ)) with respect to uncoupled groups of variables (x, y) and v.

In the capacity of a stopping criterion of proposed method one can apply, for example,
the inequality

Φs − Φs ≤ τ1, (14)

where τ1 > 0 is a given accuracy. This rule can be derived from chain (12). Besides, it is
possible to show that after stopping according to rule (14) the point (xs, ys, vs) turns out

to be a (partially) global (τ1 + δs

2
)-solution of Problem (DC(μ)) with respect to (x, y) and,

at the same time, a partially global (τ1 + δs−1

2
+ δs

2
)-solution with respect to v. If τ1 ≤

τ

2
, δs−1 ≤ τ

4
, δs ≤ τ

4
, then we obtain the τ -critical point (xs, ys, vs) of problem (DC(μ)) .
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To implement the procedure of local search in problem (DC(μ)) , according to the logic
from [17,24], it is possible to consider another variant of its implementation, in which aux-
iliary problems are solved in a different order (initially—with respect to v, and next—with
respect to (x, y)). This version of the local search method shall henceforth be called the
XY -procedure.

Next, as an example consider some results of testing the local search procedures for prob-
lem (DC(μ)) . We have determined experimentally that the value μ = 10 of the penalty
parameter μ turns out to be sufficient for convergence of local search to a feasible points(
x̂, ŷ, v̂

)
of Problem (P) (i.e. the equality h(x̂, ŷ, v̂) = 0 holds).

For constructing test problems we apply the procedure elaborated in [25,26]. When apply-
ing this procedure, it is possible to construct test bilevel problems of various complexities
and dimensions with all the known local and global solutions. Furthermore, the number of
these (local and global) solutions is known.

The software implementing the V - and XY -procedures has been written in C++. The
accuracy of the critical point was τ = 10−4. Auxiliary convex quadratic problems and linear
programming problems have been solved by subroutines from the software package XPress-
MP (http://www.dashoptimization.com/) estimated by the experts as a rather efficient tool
for solving such problems. A computer with Intel Core 2 Duo 2.4 GHz CPU has been used.

The behaviour of the XY - and V -procedures was investigated on several problems of
small dimension with respect to a choice of a starting point (see Table 1). To this end we have
employed the following starting points:

(
x (1)

0 , y(1)
0 , v

(1)
0

)
= (0, 0 . . . , 0),

(
x (2)

0 , y(2)
0 , v

(2)
0

)
= (3, 3 . . . , 3),

(
x (3)

0 , y(3)
0 , v

(3)
0

)
= (3, 0, 3, 0 . . . , 3, 0).

The following denotations have been used in the Table 1:
Name is the name of the example in format “m + n_k”, where m is the dimension of vector
x, n is the dimension of vector y, k is the number of the example of given dimension (note,
the number of constraints imposed on the upper level of the bilevel problem generated is 2m,
and the number of constraints imposed on the lower level of the generated bilevel problem
is 2n);

Φ
(1)
X , Φ

(2)
X , Φ

(3)
X are the values of the goal function of Problem (DC(μ)) at critical points,

which have been obtained by the XY -procedure, while starting from the points
(x (1)

0 , y(1)
0 , v

(1)
0 ), (x (2)

0 , y(2)
0 , v

(2)
0 ) or (x (3)

0 , y(3)
0 , v

(3)
0 ), respectively; Φ

(1)
V , Φ

(2)
V , Φ

(3)
V are sim-

ilar values obtained by the V -procedure.
Φ∗ is the value of the goal function of problem (DC(μ)) for the known global solution of

appropriate bilevel problem.
The total run time of the algorithms has turned out to be rather small (less than 0.1 s),

and this information has not been included into the table. The number of iterations of the
algorithms before fulfillment of the stopping criterion was two.

It can readily be seen from Table 1 that if we use the starting points (x (1)
0 , y(1)

0 , v
(1)
0 ) and

(x (2)
0 , y(2)

0 , v
(2)
0 ) then the variants of local search allow to find the global solutions for 5 of 20

test problems (the corresponding results are represented in bold face in the table). However, if
one uses the starting point (x (3)

0 , y(3)
0 , v

(3)
0 ) then only the V -procedure of local search allows

to find a global solution and only for the two test problems of dimension 2 + 2. Therefore,
this point is considered to be suitable for the purpose of verification of efficiency of the global
search.
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Table 1 Local search from various starting points

Name Φ
(1)
X Φ

(2)
X Φ

(3)
X Φ

(1)
V Φ

(2)
V Φ

(3)
V Φ∗

2 + 2_1 −2.00 2.00 6.00 2.00 −2.00 −6.00 −6.00

2 + 2_2 −2.00 14.00 6.00 14.00 −2.00 6.00 −2.00

2 + 2_3 −2.00 22.00 25.00 22.00 −2.00 -6.00 −6.00

2 + 2_4 −2.00 34.00 25.00 34.00 −2.00 6.00 −2.00

2 + 2_5 −2.00 54.00 25.00 54.00 −2.00 25.00 −2.00

4 + 4_1 −4.00 −8.00 0.00 −8.00 −4.00 −12.00 −16.00

4 + 4_2 −4.00 4.00 0.00 4.00 −4.00 0.00 −12.00

4 + 4_3 −4.00 24.00 19.00 24.00 −4.00 0.00 −12.00

4 + 4_4 −4.00 36.00 31.00 36.00 −4.00 0.00 −8.00

4 + 4_5 −4.00 56.00 31.00 56.00 −4.00 19.00 −8.00

6 + 6_1 −6.00 −30.00 −18.00 −30.00 −6.00 −18.00 −30.00

6 + 6_2 −6.00 6.00 6.00 6.00 −6.00 −6.00 −18.00

6 + 6_3 −6.00 42.00 18.00 42.00 −6.00 18.00 −6.00

6 + 6_4 −6.00 58.00 25.00 58.00 −6.00 25.00 −14.00

6 + 6_5 −6.00 66.00 44.00 66.00 −6.00 13.00 −18.00

10 + 10_1 −10.00 −6.00 1.00 −6.00 −10.00 −18.00 −42.00

10 + 10_2 −10.00 26.00 13.00 26.00 −10.00 1.00 −38.00

10 + 10_3 −10.00 70.00 44.00 70.00 −10.00 13.00 −30.00

10 + 10_4 −10.00 114.00 56.00 114.00 −10.00 44.00 −22.00

10 + 10_5 −10.00 138.00 68.00 138.00 −10.00 56.00 −14.00

4 Global search

As shown above, local search procedures have not provided for obtaining a global solution
even for small-dimensional problems because it is possible to guarantee only obtaining a
critical point on this stage. In this connection, we propose some procedures of Global Search
for such problems as (DCC) and (DC(μ)), which allowing to escape from a critical point
obtained. These are based on Global Optimality Conditions [16] and on the corresponding
Global Search Strategies for the d.c. programming problems with d.c. constraints and with a
d.c. goal function [19,20].

Remember that Global Optimality Conditions (GOC) for d.c. minimization problem

φ(x) = g0(x) − f0(x) ↓ min
x

, x ∈ D, (DC0)

where x ∈ IRn; g0, f0 and D are convex, are as follows. If z ∈ Sol (DC0) then

∀(y, β) ∈ IRn × IR : f0(y) = β − ζ, ζ := φ(z), (A)

g0(y) ≤ β ≤ sup(g0, D), (B)

g0(x) − β ≥ 〈∇ f0(y), x − y〉 ∀x ∈ D. (C)
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Furthermore, these GOC possess so called algorithmic (constructive) property. It means
that if GOC are broken down one can construct a feasible point which is better than the point
z under scrutiny.

Actually, if one was successful to find a vector ŷ ∈ IRn , a number β verifying conditions
(A) and (B), and besides a feasible vector x̂ ∈ D, such that inequality (C) is violated

g0(x̂) < β + 〈∇ f0(ŷ), x̂ − ŷ〉,
then due to convexity of function f0(·) one has

φ(x̂) � g0(x̂) − f0(x̂) < f0(ŷ) + ζ − f0(ŷ) = φ(z).

It means that φ(x̂) < φ(z), so that x̂ is better than z. Therefore, varying the “perturbation
parameters” (y, β) ∈ IRn × IR by solving the linearized problems

g0(x) − 〈∇ f0(y), x〉 ↓ min
x

, x ∈ D, (P L(y))

(where y is not obligatory feasible!) one obtains a family of starting points x(y, β) for Local
Search Procedure. Note, that no needs to try all the pair (y, β). It is sufficient, as it has been
seen, to violate inequality (C) only for one pair (ŷ, β). After this one moves to a new iterate
zk+1 := x̂, ζk+1 := φ(zk+1), and one repeats the procedure onto the “new level” ζk+1.

On account of particularities of the scrutinized problem and the d.c. decomposition (6) of
the goal function, the global search procedure for the problem(DCC) may be represented
as follows.

Let there be given an approximate critical point (xk, yk) in problem (DCC). Note, accord-
ing to Proposition 3, it is sufficient only to choose a point feasible in problem (P). Hence the
following chain of operations follows.

1) Choose a number β ∈ [β−, β+], where β− � inf(g, D), β+ � sup(g, D) and construct
an approximation

Ak =
{
(u1, z1), . . . , (uN , zN ) | f (ui , zi ) = β, i = 1, . . . , N

}

of the level surface U (β) = {(x, v) | f (x, v) = β} of function f (x, v) convex with
respect to (x, v). It is possible to choose an initial β0 equal, for example, to f (xk, vk)

(β0 := f (xk, vk)).
2) Beginning from (ui , zi ), compute ρk = F(xk, yk) and find a solution (xi , yi , vi ) of the

Linearized Problem (PLs(ρk))-(7) for each i = 1, . . . , N (where (x0, v0) := (ui , zi )).
3) For each i = 1, . . . , N calculate new feasible (in problem (P) points (x̂ i , ŷi , v̂i ) gener-

ated by (xi , yi , vi ) and after that choose from the set of (x̂ i , ŷi , v̂i ) the pair (x̂, ŷ) best
with respect to the goal function F.

4) If the value of the goal function at the point F(x̂, ŷ) turns out to be better than in a
current point F(xk, yk), renewal of the latter takes place, i.e. (xk+1, yk+1) := (x̂, ŷ),
and the process is repeated (go to Step 1).

The procedure of Global Search for (DC(μ)) is based on the corresponding strategy of
global search in problems of d.c. minimization [16] because the goal function of (DC(μ))
in problems of such kind may be represented as a difference between two convex functions
(see also [17,24]). In combination with directed selection, in the process of increasing the
the value of parameter μ > 0, the following procedure of global search in Problem (DC(μ))
forms a method for solving such problems as (BP) (see Proposition 1). To begin with, one
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needs a d.c. representation of the goal function of problem (DC(μ)). One can do it, for
instance, as follows:

Φ(x, y, v) = G(x, y, v) − H(x, y, v), (15)

where G(x, y, v) = 1

2
〈x, Cx〉 + 〈c, x〉 + 1

2
〈y, C1 y〉 + 〈c1, y〉 + μ(〈v, b〉 + 1

4
‖v − A1x‖2),

H(x, y, v) = μ(
1

4
‖v + A1x‖2 − 〈y, d〉) obviously are convex functions.

Now, let us begin the description of the Global Search procedure with the use of the d.c.
decomposition (15). Let there be a known critical point (xk, yk, vk) obtained either by the
V -procedure or by the XY -procedure. Denote ζk � Φ(xk, yk, vk). Then the following chain
of operations is fulfilled.

1) A number γ ∈ [γ−, γ+], where γ− � inf(G, D), γ+ � sup(G, D) is chosen and an
approximation

Ak =
{(

u1, w1, z1
)
, . . . ,

(
uN , wN , zN

)
| H

(
ui , wi , zi

)
= ζk + γ, i = 1, . . . , N

}

of the level surface

U (ζk) = {(x, y, v) | H(x, y, v) = ζk + γ }.
of the convex function H(x, y, v) is constructed.

2) For each point (ui , wi , zi ) of Ak the inequality

G
(

ui , wi , zi
)

≤ γ, i = 1, . . . , N , (16)

is verified according to Global Optimality Conditions for the problems of d.c. minimi-
zation [16,19]. If inequality (16) is satisfied then approximation point (ui , wi , zi ) shall
be used on further steps, otherwise, this point is hardly ever perspective in the aspect of
improving the current point (xk, yk, vk) with its aid.

3) Proceeding from the approximation points (ui , wi , zi ) not necessarily feasible (what is
very suitable in the aspect of computations), the local search allowing to obtain critical
points (x̂ s, ŷs, v̂s), s = 1, . . . , N is executed.

4) Next, the value of the goal function at each point (x̂ s, ŷs, v̂s) is compared to
Φ(xk, yk, vk) = ζk . If Φ(x̂ s, ŷs, v̂s) for some s ∈ {1, . . . , N } is better than ζk , then one
sets (xk+1, yk+1, vk+1) := (x̂ s, ŷs, v̂s) and turn back to stage 1.

The crucial moment of above Global Search procedures consists in constructing an approx-
imation of the level surface of the convex function, which generates the basic nonconvexity in
the problem under consideration. Particularly, in problem (DC(μ)) an approximation Ak =
A(ζk) is constructed with the help of a given set of directions [16,17,21,23,24]:

Dir =
{(

a1, b1, c1
)
, . . . ,

(
aN , bN , cN

)
|

(
ai , bi , ci

)
∈ IRm+n+q , i = 1, . . . , N

}
.

so that the triples (ui , wi , zi ) are sought in the form
(
ui , wi , zi

) = λi
(
ai , bi , ci

)
, i =

1, . . . , N ,whereλi ∈ IR computed, while proceeding from the condition H
(
λi (ai , bi , ci )

) =
ζk + γ, i = 1, . . . , N . The search of λi turns out to be very easy and analytical for the
quadratic function H(·). Constructing the approximation in problem (DCC) is performed
similarly.

The sets Dir can be constructed with the help of the experience obtained in course of the
previous computational simulations [16–24], and we have to take account of the information
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related to the problem statement. For instance, in the process of solving problem (DCC), the
set

Dir =
{(

el , e j
)

, l = 1, . . . , m, j = 1, . . . , q
}

,

where el ∈ IRm, e j ∈ IRq are vectors from Euclidean basis, shows itself rather competitive.
On the other hand, for the purpose of solving problem (DC(μ)) the following set of

directions has been selected

Dir=
{(

(x, y) + ei , v + e j
)

,
(
(x, y) − ei , v − e j

)
, i=1, . . . , m + n, j=1, . . . , q

}
,

where ei ∈ IRm+n, e j ∈ IRq are Euclidean basis vectors, (x, y, v) is a current critical point.

5 Testing of the global search algorithms

Preliminary testing which has been carried out for linear-linear bilevel problems (C ≡ 0 and
C1 ≡ 0) generated with the use of the method from [25], has given evidence some advantage
of the second approach (with the penalty parameter μ) in comparison with the first approach
on the current stage of investigations. We have managed to experimentally find the value
of the penalty parameter μ = 10, which showed itself quite pertinent for finding a global
solution for all the test problems (see also testing of the local search). In this case, the total
number of auxiliary quadratic and linear problems, which has been solved during the pro-
cess of obtaining a global solution has turned out to be smaller than in the case of solving
the problem with the d.c. constraint. Note, that potentialities of improving the algorithm for
solving the problem with the d.c. constraint are not exhausted yet.

In the present paper, we present some results of the computational solving of the test
bilevel problems with quadratic convex functions at the upper level and linear functions at
the lower level obtained with the aid of the second approach (by solving problem (DC(μ)).
So, the latter approach may presently be considered to be more effective.

To the end of conducting the procedure of testing, some series of bilevel problems of
dimension from 10 + 10 to 150 + 150 have been generated with the use of the approach
from [25,26]. The starting points for the global search method have been chosen so that
the local search procedures we would not reach a global solution. For example, the point
(x0, y0, v0) = (3, 0, 3, 0 . . . , 3, 0) satisfies this condition, as it has been established in Sect. 3.

Note in advance that in all the test problems generated the global search algorithm has
reached a global solution with the accuracy of ε = 10−4, that is why this information has
not been included into the table.

The following denotations are used in Table 2:

m is a number of variables at the upper level of the bilevel problem (n, a number of variables
at the lower level, is equal to m for the test problems);
N is a number of problems in different series;
LocSolavg is the average number of the local solutions which are not global in the problems
of series;
Locavg(Locmax ) is the average (maximum) number of start-ups of the local search proce-
dure in course of the global search;
Stavg(Stmax ) is the average (maximum) number of iterations of the global search algorithm;
Tavg(Tmax ) is the average (maximum) operating time of the program implementing the
global search algorithm.
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Table 2 Numerical solving of bilevel problems

m N LocSolavg Locavg Stavg Tavg Locmax Stmax Tmax

10 1,000 146.2 2012.7 1.9 22.27 4,118 7 44.52

20 1,000 131284.1 3436.6 2.1 53.80 8,671 7 2:38.23

30 100 1.34 × 108 4601.5 2.0 1:29.08 15,296 6 4:54.19

40 100 1.17 × 1011 6485.1 2.1 2:34.73 14,660 9 6:06.92

50 100 1.20 × 1014 9352.5 2.1 4:20.76 17,473 7 8:53.17

75 10 3.78 × 1021 8050.3 3.0 4:52.20 13,914 4 8:21.31

100 10 1.27 × 1029 12263.8 2.8 10:25.81 20,199 4 16:59.16

125 10 4.27 × 1036 17704.3 2.7 20:59.14 32,049 3 38:33.78

150 10 3.93 × 1044 72245.6 17.9 2:09:39.95 286,267 80 8:06:46.38

Note, that the number of different critical points, by which Global Search Algorithm
passed, and which improve the goal function of the bilevel problem of dimension 150 +150,
reaches a rather large number Stmax = 80. However, the overall number of start-ups of the
local search procedure (72245.6) in such problems turnes out to be incomparable with the
huge number of local solutions (3.93 × 1044), which are not global [25,26].

We have to emphasize again that as a result of our computational simulation it is possible
to conclude that we can to solve all the test problems of dimension up to 150 + 150 within
some acceptable time.

6 Conclusion

In the present paper, new procedures of finding optimistic solutions in quadratic-linear and
linear-linear bilevel problems have been elaborated. On the one hand, these procedures are
based on the well known idea to replace the extremum constraint in the bilevel problem with
KKT-conditions. On the other hand, for the purpose of solving the obtained nonconvex sin-
gle-level problems, novel Global Search Algorithms based on the Global Search Theory from
[16–24] for the d.c. programming problems have been applied. Besides, new local search
algorithms for these nonconvex problems have been elaborated and tested.

The programs implementing the local and global search algorithms have been developed.
The computational testing has proved the considerable efficiency of the proposed approach
for a number of series of randomly generated bilevel problems up to the dimension of 150
+ 150. Similar results of numerical solving of these classes of bilevel problems up to such a
dimension cannot be found in the literature.

References

1. Germeyer, Yu. B.: Games with Nonantagonistic Interests (in Russian). Nauka, Moscow (1976)
2. Bard, J.F.: Practical Bilevel Optimization. Kluwer, Dordrecht (1998)
3. Dempe, S.: Foundations of Bilevel Programming. Kluwer, Dordrecht (2002)
4. Luo, Z.-Q., Pang, J.-S., Ralph, D.: Mathematical Programs with Equilibrium Constraints. Cambridge

University Press, Cambridge (1996)

123



172 J Glob Optim (2010) 48:159–172

5. Dempe, S.: Bilevel programming. In: Audet, C., Hansen, P., Savard, G. (eds.) Essays and Surveys in
Global Optimization, pp. 165–193. Springer, New york (2005)

6. Colson, B., Marcotte, P., Savard, G.: An overview of bilevel optimization. Ann. Oper. Res. 153(1), 235–
256 (2007)

7. Muu, L.D., Quy, N.V.: A global optimization method for solving convex quadratic bilevel programming
problems. J. Global Optim. 26(2), 199–219 (2003)

8. Li, H., Wang, Y.: A hybrid genetic algorithm for solving a class of nonlinear bilevel programming prob-
lems. In: Wang, T.D., Li, X. et al. (eds.) Proceedings of 6th International Conference Simulated Evolution
and Learning, pp. 408–415. Springer, Hetei, China, 15–18 Oct (2006)

9. Bard, J.F.: Convex two-level optimization. Math. Program. 40(1), 15–27 (1988)
10. Gumus, Z.H., Floudas, C.A.: Global optimization of nonlinear bilevel programming problems. J Global

Optim. 20(1), 1–31 (2001)
11. Colson, B., Marcotte, P., Savard, G.: A trust-region method for nonlinear bilevel programming: algorithm

and computational expirience. Comput. Optim. Appl. 30(3), 211–227 (2005)
12. Vasil’ev, F.P.: Optimization Methods (in Russian). Factorial-Press, Moscow (2002)
13. Bazaraa, M.S., Shetty, C.M.: Nonlinear Programming. Theory and Algorithms. Wiley, New York (1979)
14. Horst, R., Tuy, H.: Global Optimization. Deterministic Approaches. Springer, Berlin (1993)
15. Strongin, R.G., Sergeyev, Y.D.: Global Optimization with Non-Convex Constraints. Sequential and Par-

allel Algorithms. Springer, New York (2000)
16. Strekalovsky, A.S.: Elements of Nonconvex Optimization (in Russian). Nauka, Novosibirsk (2003)
17. Strekalovsky, A.S., Orlov, A.V.: Bimatrix Games and Bilinear Programming (in Russian). FizMat-

Lit, Moscow (2007)
18. Strekalovsky, A.S.: Extremal problems with d.c. constraints. Comput. Math. Math. Phys. 41(12), 1742–

1751 (2001)
19. Strekalovsky, A.S.: On the minimization of the difference of convex functions on a feasible set. Comput.

Math. Math. Phys. 43(3), 380–390 (2003)
20. Strekalovsky, A.S.: Minimizing sequences in problems with d.c. constraints. Comput. Math. Math.

Phys. 45(3), 418–429 (2005)
21. Orlov, A.V., Strekalovsky, A.S.: Numerical search for equilibria in bimatrix games. Comput. Math. Math.

Phys. 45(6), 947–960 (2005)
22. Gruzdeva, T.V., Strekalovsky, A.S.: Local search in problems with nonconvex constraints. Comput. Math.

Math. Phys. 47(3), 381–396 (2007)
23. Strekalovsky, A.S., Orlov, A.V.: A new approach to nonconvex optimization. Numer. Methods Program.

(internet-journal: http://num-meth.srcc.msu.su/english/index.html) 8, 160–176 (2007)
24. Orlov, A.V.: Numerical solution of bilinear programming problems. Comput. Math. Math.

Phys. 48(2), 225–241 (2008)
25. Calamai, P., Vicente, L.: Generating linear and linear-quadratic bilevel programming problems. SIAM J.

Sci. Comput. Arch. 14(4), 770–782 (1993)
26. Calamai, P., Vicente, L.: Generating quadratic bilevel programming test problems. ACM Trans. Math.

Softw. 20, 103–119 (1994)

123

http://num-meth.srcc.msu.su/english/index.html

	On computational search for optimistic solutions in bilevel problems
	Abstract
	1 Introduction
	2 Problem statement and its reduction
	3 Local search
	3.1 The local search method for the problem with a nonconvex (d.c.) equality constraint
	3.2 Local search for Problem (DC(μ))

	4 Global search
	5 Testing of the global search algorithms
	6 Conclusion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


